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Abstract 

A family of generalized S-brane solutions with orthogonal intersection 
rules and n Ricci-flat factor spaces in the theory with several scalar fields, 
antisymmetric forms and multiple scalar potential is considered. Two 
subclasses of solutions with power-law and exponential behaviour of scale 
factors are singled out. These subclasses contain sub-families of solutions 
with accelerated expansion of certain factor spaces. Some examples of 
solutions with exponential dependence of one scale factor and constant 
scale factors of "internal" spaces (e.g. Freund-Rubin type solutions) are 
also considered. 
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1 Introduction 



Recently, the discovery of the cosmic acceleration ^ |2| was a starting point 
for a big number of publications on multidimensional cosmology giving some 
explanations of this phenomenon using certain multidimensional models 
e.g. those of superstring or supergravity origin (see, for example, and 
references therein). These solutions deal with time-dependent scale factors of 
internal spaces (for reviews see El El Ej) ^nd contain as a special case 
the so-called S-brane solutions ^Hj, i.e. space hke analogues of I?-branes jJE], 
see for example ^1 (201 1^ 1121 123L 1241 and references therein. For earlier 
S-brane solutions see also |77I051EU| . 

In our recent paper 0] we have obtained a family of cosmological solutions 
with (n+ 1) Ricci-flat spaces in the theory with several scalar fields and multiple 
exponential potential when coupling vectors in exponents obey certain " orthog- 
onality" relations. In ^ two subclasses of " inflationary- type" solutions with 
power-law and exponential behaviour of scale factors were found and solutions 
with accelerated expansion were singled out. 

2-component models in many dimensions having the acceleration were found 
also for different matter sources in our earlier papers: with the cosmological 
constant in |7], with a perfect fluid in 0, with 2 non- Ricci-flat spaces 8 , with 
p-branes and static internal spaces in [H] and in four dimensions with a perfect 
fluid and a scalar field with the exponential potential in using methods, 

developed in our multidimensional approach. In [Sj we showed that the cosmic 
acceleration and coincidence problems may be solved by using an x-fluid as a 
quintessence and a viscous fluid as a normal matter. Viscosity of the normal 
matter in this case can be explained by its own multicomponent structure. 

In this paper we generalize " inflationary- type" solutions from 0] to S'-brane 
configurations in the model with antisymmetric forms and scalar fields. Two 
subclasses of these solutions with the power-law and exponential behaviour of 
scale factors in the synchronous time are singled out. These subclasses contain 
sub-families of solutions with accelerated expansion of certain factor spaces. 
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Here we deal with a model governed by the action 

Sg^ I d^'x^lf^Rig]^ h^pg^'^dM^^'dN^^ (1.1) 
- E ^exp[2A,(^)](F'^)2 - 2V^{^)] 

where g = gMN{x)dx^^ ® dx^ is a metric, (/? = ((^s") g R' is a vector of 
scalar fields, (hap) is a constant symmetric non-degenerate / x I matrix (Z G N), 

Ba = ±1, 

= dA" = -^F^j^ j.^j^Jz'^'^ A ... A dz^^"" (1.2) 

is a riQ-form (ri^ > 1), is a 1-form on R': Xai'p) = ^aa'P", a ^ A, a — 1, ... ,1. 
In p.l|l we denote \g\ = | det((7MAf)|7 

(.-^ )a - ^Mt...M^^^Nt...N^J ■■■9 (J^-^j 

a e A. Here A is some finite set. For pseudo-Euclidean metric of signature 
(-,+, ...,+) all 0a = 1- Here 

y^(^)= Asexp[2A,(^)] (1.4) 

S&Spot 

is the scalar potential {Spot is non-empty finite set). The case V^{ip) = was 
considered recently in 33 . 

The paper is organized as following. In Section 2 we consider cosmological- 
type solutions with composite intersecting S'-branes for the model with scalar 
fields and fields of forms in the presence of multiple scalar potential. These 
solutions generalize that from flTI 1121 1231 1^ obtained for zero scalar potential. 
Section 3 is devoted to exceptional ("infiationary-type") S'-brane solutions. In 
Section 4 we consider a class of static solutions defined on product of n Einstein 
spaces Ni generalizing that of |33]. For certain first factor-space A^i = Rx Afi of 
non-zero curvature a solution from this class may be considered as a cosmological 
solution with exponential dependence of scale factor for Ricci-flat submanifold 
Ml and static internal spaces Ni, i > 1. 



2 Cosmological-type solutions with composite in- 
tersecting j9-branes 

2.1 Solutions with n Ricci-flat spaces 

Here we consider a family of solutions to field equations corresponding to the 
action Hl.l|l and depending upon one variable u and generalizing that from 
[ElEniEHl defined for ^ (see also [Elin]). 
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These solutions are defined on the manifold 

M = {u_,u+) X Ml X Af2 X . . . X Mn, (2.1) 
where m+) is an interval belonging to R, and have the following form 

fTT[/,(u)]2''a=)''-/(^-2)\ f ^p(2cOu + 2c")wdM®dM+ (2.2) 



= {j{ [/.(u)]2''(^=^''-/(^"^)^ I exp(2c"u + 2^)wdu (g) du + 

n N 

exp(¥>") - ( n /^''°'°^ ) exp(c"u + c"), (2.3) 



a = 1, ... J; a e A. 

In (|2.2(l t« = ±1, = glninSyi)'^vT' ® d^Vi" is a Ricci-flat metric on Mi, 
i^l,...,n, 

is the indicator of i belonging to /: Sn — 1 for i e / and Sn = otherwise. 
Here 

S = Sbr LI Spot (2-6) 

is a union of two non- intersecting sets Sbr and S'pot, describing branes and 
potential terms, respectively. (Here and in what follows U means the union of 
non-intersecting sets.) The p-brane set S is by definition 

Sbr = SeUSrn, Sy = UaeA{a} X {v} X Qa,v , (2.7) 

V — e,m and Qa,e, ^a.m C r2, where f2 — n(n) is the set of all non-empty subsets 
of {1, . . . , n}. Any p-brane index s € Sbr has the form 

s^{a„vs,ls), (2.8) 

where G A is colour index, Vg — e,m is electro-magnetic index and the set 
Is € ^as,Vs describes the location of p-brane worldvolume. 

The sets 5*6 and Sm define electric and magnetic p-branes, correspondingly. 
In 123 

X. =+1, (2.9) 

for s G Se and 

X. = -1, (2.10) 

for s e 5m U Spot- 
In H2.4|l forms 

^QJ-^duAT{Q, (2.11) 
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s £ Se, correspond to electric p-branes and forms 

= Qsr{Is), (2.12) 

s G Sm, correspond to magnetic p-branes; Qs ^ 0, s e Shr- Here and in what 
follows 

I = h\I, /o = {l,. ..,«}. (2.13) 

All manifolds Mi are assumed to be oriented and connected and the volume 

-forms 

n = V¥M dyl A ... A dfyf , (2.14) 

and parameters 

e(z) ^ sign(det(5j„^„J) = ±1 (2.15) 

are well-defined for all z = l,...,n. Here di ~ dimM^, i = l,...,7i; D = 
1 + X]"=i "^i- For any set / = {ii, . . . , ik\ £ 51, ii < . . . < ifc, we denote 

T(/)=f,, A...Af,,, (2.16) 
d(/)=^d„ (2.17) 

e{I) = eiii)...e{ik). (2.18) 
The parameters appearing in the solution satisfy the relations 

h, = iB,s)'\ (2.19) 

where 

B,s' = d{Is nls') + "^^-^^^"^^^'^ + XsXs'XcsXfis'h"", (2.20) 
s, s' e S, with {h"^) — (/iq/j)"^. Here Is = /o = {1, . . . , n} for s e Spot and 

Acts = Aq.q^ for S G Sbr- 

We assume that 

(i) Bss ^ 0, (2.21) 

for all s E S, and 

(ii) Ess' = 0, (2.22) 

for s ^ s', i.e. canonical (orthogonal) intersection rules are satisfied (see [501111] 
and subsection 2.2 below). 
The moduli functions read 



fsiu) = Rs sinh(v/C^(u - Us)), Cs > 0, h^Es < 
Rs sin(y|C^(u - Us)), Cs < 0, hs£s < 
Rs cosh{^/C^{u - Us)), Cs > 0, hsEs > 



(2.23) 
(2.24) 
(2.25) 



Ps\hs\-^/^{u - Us), Cs = 0, hsEs < 0, (2.26) 
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where Cg, its are constants, s E S. Here we denote 

Rs = \Qs\\hsCs\-^^^, seSbr, (2.27) 
Rs = y^2\A7\\h,Cs\-'/^ s e Spot, (2.28) 

Ps = \Qs\ for s e Sbr and Ps = y/2\As\ for s £ Spot- 
We also denote 

= -sign(wA,) (2.29) 

for s e Spot and (as in jlT.) 

£s = (-e[g])(i->^=)/2e(/.)0a,, (2.30) 

for s e S'br, where e[g] = sign(det(gMAf))- More expHcitly H2.3U|I reads: = 
e{Is)Oa^ for Vs = e and = -e[g]e(/s)6'a, for = m. 

Vectors c ~ [c^) = (c*, c") and c = (c'^) obey the following constraints 

^ rf^c^ - XsA.^c" = 0, ^ d,? - XsA«oc" = 0, (2.31) 

n 

ses i=i 

Here we identify notations = p*f/* is the puUback of the metric to 
the manifold M by the canonical projection: pi : M —> Mi, i = 1, . . . ,n. An 
analogous notations arc kept for volume forms etc. 

Due to (|2.11() and p. 12(1 . the dimension of p-brane worldvolume d{Is) is 
defined by 

d{Is) = - 1, d{Q ^D- - 1, (2.34) 

for s £ Se, Sm, respectively. For s g Spot we get domain walls with d(Is) = D — 1 
(see Appendix). (The p-branc parameter reads: p ^ Ps ^ d{Is) — 1). 

Restrictions on p-brane configurations. The solutions presented above 
are valid if two restrictions on the sets of composite p-branes are satisfied 
These restrictions guarantee the block-diagonal form of the energy-momentum 
tensor and the existence of the sigma-model representation (without additional 
constraints) PU] . 

The first restriction reads 

(Rl) d{I n J) < d{I) ~ 2, (2.35) 

for any I, J € ila,v, a £ A, v — e,m (here d{I) — d{J)). 
The second restriction is following one 

(R2) d{lnJ)^0, (2.36) 



n 

cO^^dj?, (2.32) 




(2.33) 
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for / G na,e and J G ^a,m, a G A. 

The derivation of the solution is presented in Appendix B. 

S'-branes. The space-like brane solutions (or S'-branes) appear when the 
metric (|2.2|l has a signature (—,+,...,+), w — —1 and all metrics have 
Euclidean signatures. In this case all 9a — 1 and 

= 1, (2.37) 

for all s € Sbr- 

2.2 Minisuperspace covariant relations 

Here we present the minisuperspace covariant relations from |14l I3(J| for com- 
pleteness. Let 

be, correspondingly, a (truncated) target space metric and inverse to it, where 
(see |3T]) 

and 

U%c^ = ^ d,d - x.A.ac", (C/1) = [dAi,, -XsKod. (2.40) 

is /a 

are co-vectors, s € S* and (c^) = (c% c"). 
The scalar product from [301 reads 

{U,U') = G^''UaU'b, (2.41) 

for ?7 = {Ua), U' = {U'a) € R^, iV = n I. 

The scalar products for vectors were calculated in [20] 

(^/^C/^') = (2.42) 

where s, s' belong to S* and Bss' are defined in (|2.2()|l . Due to relations H2.22|l 
/y^-vectors are orthogonal, i.e. 

{U\U'')=Q, (2.43) 

for s s' . 

The linear and quadratic constraints from H2.31|l and (|2.33|) . respectively, 
read in minisuperspace covariant form as follows: 

C7|c^ = 0, C/lc^ = 0, (2.44) 

s e 5*, and 

^ a/i, + Gabc^c"" = 0. (2.45) 
ses 
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3 Special solutions 

Now we consider a special case of classical solutions from the previous section 
when Cs = Us = d' = c" = and 

BssSs < 0, (3.1) 

seS. 

We get two families of solutions written in synchronous-type variable with: 

A) power-law dependence of scale factors for 5 ^ —1, 

B) exponential dependence of scale factors for B = — 1, 
where 

^ = E'^^#^- (3-2) 
ses 

Remind that 

= Bss = d{Q (^1 - + XasX/ish'^^. (3.3) 

3.1 Power- law solutions 

Let us consider the solution corresponding to the case B ^ —1. The solution 
reads 

n 

g = wdT O dr + ^ AiT^^^g', (3.4) 

i=l 

^'' = ^^J2xshsX'^lnT + ^^, (3.5) 

s&S 



where r > 0, 



i = 1, . . . ,n. 
Here 



s e Sbr and 



(3.6) 



\hs\\l[ I exp(2x.A,a^^) = Ql\B + (3.7) 
|/i,|exp(2x.A,„(p^) =2|A,||B + 1|2, (3.6 



s e 5pot- > are arbitrary constants. 
The elementary forms read 
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s E Se (for electric case) and forms 

= Qsr{Is), (3.10) 

s e Srn (for magnetic case). Here and in what follows w — ±1, Qs 7^ 0, s G Str, 
A = n"^^ Af and is defined in jX^ . 

3.1.1 Solutions with accelerated expansion of Mi 

In what follows we are interested in cosmological solutions {w — —1) with 
accelerated expansion of the first factor space Mi that, evidently, takes place if 
and only if 

1^1 > 1. (3.11) 

Let us consider the case of one brane: S = {s}. 

A) First, we put 

1 i Is, (3.12) 

i.e. Ml factor space does not belong to the brane. In this case d{Is) ^ D — \. 
We get 

= i + {D-2){hsd{h)r^- (^-^^^ 

Due to H3.11|l the acceleration takes place only if hs < 0, or (see (|3.3|)') 

\'s<-d{Is){l-§^^<0, (3.14) 

where here and in what follows — Xas^^sh"^ . 

From the signature restriction (|3.1|l and hs < we get Es > 0. 

B) Now, we consider another case 

1 e (3.15) 

i.e. Ml factor-space belongs to the brane. 
We get 

ly.^^f^, As = d{Is)/{D~2). (3.16) 

Due to H3.11|l the acceleration takes place only if 

h-^ + 1 , , 
<0. 3.17 

hs^ + As ^ ' 

This implies ^ 1, or d{Is) ^ D-2. 

There are two subcases: Bl) d{Is) < D - 2 and B2) d(/^) = D - 1. 
For Bl) d{Is) < - 2 we get 

- 1 < h;^ < ^As, (3.18) 
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or, equivalently, 



For B2) d{Is) = D-1 wc find 

-As</i-^<-l, (3.20) 

or, equivalently, 

< < ^L_, (3.21) 

In both subcases hg < and hence > (due to (|OJ). (For s £ Spot this 
means that > 0.) 

The negative value of means that the matrix {hap) is not positive defi- 
nite. Thus, for positive definite {hap), the one brane solution may describe the 
accelerated expansion of certain (say. Mi ) factor space only in the domain wall 
case d{Is) — D — 1 with coupling constant obeying (|3.21|) . 

Remark. In the case of several electric S'-branes of maximal dimension 
d{Is) = D — 1 (i.e. domain walls) the metric and scalar fields are coinciding 
(up to notations) with the solutions obtained in HI when signature restrictions 
H3.1|l are obeyed. 



3.2 Solutions with exponential scale factors 

Here we consider the solution corresponding to the case B = —1. The solution 
reads 

n 

g = wdr dr + ^Aiexp{2MmT)g\ (3.22) 

1=1 

^'^ = -MTY,hsXsX^ + ^^, (3.23) 



ses 



where 

s e Sbr and 
s G Spot- Here 



Q2exp(-2x.A,„^^) = \K\M^ [] , (3.24) 



2|A,| exp(-2x.A.a^[^) = \h,\M\ (3.25) 

^^^=T.^s (Su. - , (3.26) 

M is parameter and yl^ > are arbitrary constants, i = 1, . . . , rt. 
The elementary forms read 

\h 141/2 

^ l^al^ M^e^'^dT A t{Q, (3.27) 
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for s £ Se, and J^^ = Qst{Is) for s € Sm. 

In the cosmofogical case w = —1 we get an accelerated expansion of the 
factor space Mi if and only if /iiil/ > 0. For any /zi ^ this may be achieved 
by a suitable choice of the sign of the parameter M. 

3.2.1 Example: magnetic 5-brane and domain-wall. 

Let us consider Z?-dimensional model with one scalar field, one antisymmetric 
form and one exponential potential term described by the action 

Sg^ J d^'x^lf^Rig] - g^'^'duvdNV - exp(2Ai(^)F2 - 2Aexp(2A2(^)| 

(3.28) 

defined on the manifold 

M = RxMixM2. (3.29) 

Let the rank of the form F = dA be coinciding with the dimension of the second 
factor-space, i.e. rii = d2 and 

Z? = di + c?2 + 1 and (Afi, gi) be of Euclidean signature (+,...,+) and (Af2, ^2) 
be of pseudo-Euclidean one (— , +,..., +). Dilatonic couplings satisfy the or- 
thogonality relation l|2.22|l . B = —1 and signature restrictions (|3.1|l . 

The solution with magnetic S-brane (corresponding to Mi factor-space) and 
domain- wall reads: 



g = -dT®dT + ^A^ exp{2Mdi^SlT)g\ (3.31) 
1=1 

(fi = const, (3.32) 

where 

2Aexp(2A2(/3) = M^, exp(2Ai(y5) = —M^Ap, (3.33) 

«i 

M is parameter and yl^ > are arbitrary constants, i = 1, 2. The form reads 

F - Q1T2. (3.34) 

Remind that T2 — dvol[g2] is the volume form of the {M2,g2) space. 

The "internal" factor space {M2,g2) has a constant scale factor. This sub- 
space contains an extra time direction. 

We note that in our case i?sisi = di, Ss2S2 = ^1 and e^j < 0, > 0, 
where index si corresponds to the magnetic brane and S2 to the domain wall. 

In the next section we shall show that this solution, describing an accelerated 
expansion of "our space" Mi with static "internal" space M2, is a special case 
of a more general class of solutions. 
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4 Freund-Rubin type solutions 

Here we present a class ol static solutions defined on a product of several man- 
ifolds 

Af = iVi X . . . X iVfe (4.1) 

and generalizing that of ref. pi I34| . 

The metric of the solution has the following form 

g = hi + ... + hk, (4.2) 
where hi is an Einstein metric on iV^ satisfying the relation 

Ric[h,]=(,h„ (4.3) 

£,i = const, i = 1, . . . ,k. 

Here Ric[/ii] is Ricci-tensor corresponding to hi and hi = it* hi is the puUback 

of the metric hi to the manifold M by the canonical projection: tt^ : M ^ Ni, 
i = I, . . . , k. Thus, all {Ni, hi) are Einstein spaces. 

The fields of forms and scalar fields are the following 

Lp°' = const, (4.5) 

where Qai are constants, C {1, . . . , A:} are subsets, satisfying the relations 

d{I) = Ua, (4.6) 

7 G f^a, a £ A, and the Restriction presented below. The parameters of the 
solution obey the relations 

^ 0,A:e2^»(^) ^ Ql,e{I) + 2 ^ A^A.e^^^^'^) = 0, (4.7) 

ria - 1 



2 ^ A,e2A.M^^^^^2A„M^Q2^^(^) 



D -2 



5} 



D -2 



(4.8) 



i = 1, . . . , A:. 

The solution is valid if the following restriction on the sets fia, a G A, is 
satisfied pi. 

Restriction. For any aeA and /, J e O^, / 7^ J, we put 

d{lr]J)<na-2. (4.9) 

These solutions just follow from the equations of motion presented in Ap- 
pendix A. 

The solution (|3.31() - (|3.34() of the previous section may be considered as a 
special solution defined on the product of two Einstein spaces A^i = R x Mi 
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and N2 = M2 with metrics hi = -dr ® dr + cxp{2d^^MT)g'^ {di = dimMi) 
and /i2 = 92, respectively. Here ^1 — d^^lVP and ^2 = 0. 

It should be noted that any solution of this section containing an Einstein 
space of positive curvature A^i = R x Mi, may be interpreted as a cosmolog- 
ical solution with static internal spaces and exponentially expanding Ricci-flat 
(Ml, (71) submanifold, if hi — —dr ® dr + exp{2HT)g^ and ^1 = diH^ (here 
di = dimMi). In subsection 3.2.1 Qfj = Q\A'^'^'^ and / = {2}. 



5 Conclusions 

In this paper we obtained generalized S-brane solutions with orthogonal inter- 
section rules and n Ricci-flat factor spaces in the theory with several scalar 
fields, antisymmetric forms and multiple exponential potential. We singled out 
two subclasses of solutions with power-law and exponential behaviour of scale 
factors depending in general on charge densities of branes, their dimensions, 
intersections and dilatonic couplings. 

These subclasses contain sub-families of solutions with accelerated expansion 
of certain factor spaces, e.g. domain-wall solutions considered in earlier paper 

111 

Here we considered certain examples of solutions with exponential depen- 
dence of one scale factor and constant scale factors of internal spaces, that may 
be also considered as Freund-Rubin type solutions generalizing that of |^. 
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Appendix 

A Equations of motion 

The equations of motion corresponding to (|2.38|) have the following form 

A[g]'/?"-X!^'^^e2^''^''H^")^-2 J2 A?e2^=('^)A, = 0, (A.2) 

aGA sGbpot 

VAfi[ff](e2^"^^)i^"'^^^-^'^"") = 0, (A.3) 

a & A; a = 1, ... ,1. In (|A.2|I A" = h^^X^a, where {h"^) is a matrix inverse to 
(ha/s)- In l|A.l(l 

Zmn = ZMNiif] + J2 dae^^-^'^^ZMNlF^g], (A.4) 
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where 

ZmnVp] = haf3dM^°'dNf'^ , (A. 5) 



1 - 1 „ 2 , ^ Tpa „a,M2...M„ 



2-£i 



9Mn{F'^) +naFMM2...M„„PN 



(A.6) 



B Derivation of cosmological solutions 



Here we present the derivation of the main solution from the Section 2 using 
the general scheme from El ■ 
We consider a metric 

n 

g = u,e2'^(«)du(g)du + ^e2'^'("'g\ (B.7) 

i=l 

defined on the manifold (|2.1|l . where is a Ricci-flat metric on Af; i = 1, . . . , n. 

For fields of forms a "composite electro-magnetic" Ansatz (|2.4|) is adopted 
with 

jr« = d^'' At(/,), (B.8) 

for s & Se and s € 5m, respectively. Here * — *[g] is the Hodge operator on 
{M,g) and forms t{I) are defined in (|2.1t)|) . 

The potentials in (|B.8p . IjB.Qp and scalar fields are functions of u, i.e. = 
and = 

Fixing the time gauge to be harmonic one 

n 

7 = 7o(0)=^d.0\ (B.IO) 

i=l 

and integrating the field equations and Bianchi identities for form fields 

^ (exp(-2t/^)$^) = ^ = cxp(2C/^), (B.ll) 

we are led to Lagrange equations for the Lagrangian 

1 



L= -GABi^'i'' ~V, (B.12) 



with the zero-energy constraint 



E ^^GABx'^i^ + V = 0. (B.13) 



Here (x^) = 



J2 exp[27o + 2Xsiip)] + J ^ ^sQ' exp[2i7^(x)] (B.14) 
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is potential and the matrix {Gab) is defined in (|2.38l) . The first term in the 
right hand side of l|B.14l) corresponds to the scalar potental and the second one 
is of a brane origin. Here 

U%x^ = J2 - XsK^x", (B.15) 

s G Siir- The first term in the right hand side of HB.14|) may be rewritten in the 
"brane form" if we define 

-wAs^^e.Ql Xs = -1 (B.16) 



for s e Spot- Thus, the potential (|B.14p reads 

^ ses 

where S = Str LI Spot- 

For orthogonal co-vectors p.43|l the solutions to Lagrange equations corre- 
sponding to HB.12|I read |32, 14; 

ses ^ ' ^ 

where uq, Us are constants, functions fs are defined in (|2. 23(1 - (|2. 26(1 . s G S, and 
vectors c^, obey the linear constraints 1(2.44(1 . The zero-energy restriction 



l(B.13() is equivalent to the quadratic constraint 

The relations for the metric and scalar fields follow from the formulas under 
consideration and the following useful relations jSO] 

U'^ = G'^U; = Su^ - U'" = -XsX^ - (B.19) 

The relations for form fields in Section 2 follow just from ((B.llfl . 
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